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COMPUTER PROGRAM TRAJECTORY OPTIMIZATION 

BY EXPLICIT NUMERICAL METHODS 

BY 

James W .  H i l l i a r d  

George C .  Marshal l  Space F l i g h t  Cen te r  

H u n t s v i l l e ,  Alabama 

ABSTRACT 

The d e t a i l s  a r e  g iven  o f  a computer program which c a l c u l a t e s  t he  

minimum t i m e  r e q u i r e d  f o r  a space v e h i c l e  t o  meet i t s  mission wh i l e  i n  

an optimum t r a j e c t o r y .  Also,  the program can  maximize an  o p t i o n  i f  t h e  

bu rn ing  time i s  f i x e d .  The v e h i c l e  motion, assumed t o  be i n  a p l a n e ,  i s  

d e s c r i b e d  by two l i n e a r  d i f f e r e n t i a l  e q u a t i o n s .  A precoded s u b r o u t i n e ,  

Runge-Kutta F o u r t h  Order ,  i s  used t o  i n t e g r a t e  the  equa t ions  o f  motion. 

Numerical methods a r e  employed t o  determine t h e  d e v i a t i o n  i n  c o n s t r a i n i n g  

f u n c t i o n s  e x p l i c i t l y  i n  terms of f i r s t  and second o r d e r  v a r i a t i o n s  i n  

t h r u s t  a n g l e .  An i t e r a t i o n  method i s  employed which, when computed, 

p rov ides  t h e  e f f e c t  of f i r s t  and second o r d e r  v a r i a t i o n s  i n  a d d i t i o n  t o  

t h e  u s u a l  numerical  s o l u t i o n  t o  the  d i f f e r e n t i a l  e q u a t i o n s .  

NASA - GEORGE C. MARSHALL SPACE FLIGHT CENTER 
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Ti 
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Definition 
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TECHNICAL MEMORANDUM X-53552 

COMPUTER PROGRAM TRAJECTORY OPTIMIZATION 

BY EXPLICIT NUMERICAL METHODS 

SUMMARY 

The details are given of a computer program which calculates the 

minimum time required for a space vehicle to meet its mission while in 

an optimum trajectory. Also, the program can maximize an option if the 

burning time is fixed. The vehicle motion, assumed to be in a plane, is 

described by two linear differential equations. A precoded subroutine, 

Runge-Kutta Fourth Order, is used to integrate the equations of motion. 

Numerical methods are employed t o  determine the deviation in constraining 

functions explicitly in terms of first and second order variations in 

thrust angle. An iteration method is employed which, when computed, 

provides the effect of first and second order variations in addition to 

the usual numerical solution to the differential equations." 
-1. 

- 
.L 

See reference 1. 



INTRODUCTION 

The purpose of this report is to document a computer program 

"Trajectory Optimization by Explicit Numerical Methods." 

contains thirteen options with a maximum of eight additional constraints 

for each option and is applicable to space vehicles with one or more 

stages. There are three precoded subroutines that must be contained in 

the source deck." Three select switches, SS 2, SS 3 ,  and SS 4 are 

used for additional printed data. SS 2 is turned on if the conditions 

of power cutoff are desired. If SS 3 is turned on, data throughout the 

trajectory is printed for all iterations. If it is off, only the last 

iteration is printed. Turn SS 4 on for the data at every integration 

interval during the coast period. No disks, drums, or special tapes 

are used. The program language is FORTRAN IV and the computer is 

Control Data Corporation's 3200. 

The program 

-1. 

"Trajectory Optimization by Explicit Numerical Methods" was conceived 

and derived by Lyle R. Dickey, Technical and Scientific Staff, Aero- 

Astrodynamics Laboratory, George C. Marshall Space Flight Center. 

2 

;t See Appendices I, 11, and 111. 



ANALYSIS AND EQUATIONS 

The r e s u l t s  d e s i r e d  r e q u i r e  t h e  s o l u t i o n  t o  t h e  l i n e a r i z e d  

e q u a t i o n s  which d e s c r i b e  t h e  motion of t h e  v e h i c l e .  For a n a l y s i s ,  t h e  

motion was assumed t o  be i n  a plane and desc r ibed  by t h e  fo l lowing  

d i f f e r e n t i a l  equa t ions :  

where 

. 

8 

.. f x = s i n $ +  2 
g y  

j ;  = 3 c o s $ +  yg m 

X .. 
Xg= , g a  

Yg= + g Y 

r0 
g =-go-p- , 

go= 9.81 meters2 
second 

ro= 6370 KM , 

f The a n a l y s i s  f o r  m and $ a r e  d i scussed  on pages  5 and 6 .  

c 

3 



A t  each s t a g i n g  t i m e  (Ti) a i ,  biy and ci  a r e  g iven  f o r  i = 1 , 2 , 3 ,  

,N. --- 

The numerical  method, Runge-Kutta Four th  Order,  i s  used f o r  

i n t e g r a t i n g  t h e  equa t ions  of motion. DELT, t h e  i n t e g r a t i o n  s t e p  s i z e ,  

and T i  a r e  used t o  compute two t a b l e s  of t ime, t k  a n d A t k .  

f o r  

If 

then 

T i -  t k  ZDELT. 

T i -  tk <DELT, 

- 
tk+l - Ti 

- 
A t k  - Ti- tky 

Atk+l = 0.0.  

For t h e  case where Ti- T i -  1 < - DELT 



c 

The end points are required to be the same. 

c 
Briefly stated, the t table is discontinuous at each staging time. 

An added input value of time, T 2 ,  is used for calculating the t table 

into irrational numbers. 
-1. 

The thrust angles,$k, are computed as follows: 

where 

a- 
"See Deck Setup Instructions for choosing a proper .value for T2 

5 



and xoy yo, ko and yo a r e  i n i t i a l  c o n d i t i o n s  f o r  i n t e g r a t i o n .  

T h r u s t ,  f , i s  desc r ibed  by t h e  fo l lowing:  



' 4  

2 
i;, = [+] Y 

The fo l lowing  m a t r i x  i s  def ined  f o r  i t e r a t i o n :  

. 

L 

f o r  

and 

k = 1 y 2 y 3 y - - - , n y  

0 

0 

The c u t o f f  o p t i o n s  and a d d i t i o n a l  c o n s t r a i n t s  a r e  de f ined  and 

s t o r e d  i n  a s i n g l e  a r r a y ,  Z .  

Op t ion  1. Z 1  = Time  = t k  

c = x = S f ( 2 ) d t  2. z2 

7 



3. 

4. 

5. 

6.  

7. 

8. 

9 .  

10. 

11. 

1 2 .  

13. 

-1 Gy-j.x 
xk+yjr z8 = 0 = t a n  

zg = cp = tan-y;) 

goro2 Zl0' 0, = v2- - r 

1 goro2 Zl l=  E, = - 3-- r 
2 

Z I 2 =  E = i y -  ;x 

A 13x4 m a t r i x  i s  d e f i n e d  by p l a c i n g  i n t o  i t s  rows 

Time c l =  [ o  0 

X c 2 =  [ 1 0 

Y c 3 =  [ o  1 0 

8 



and 

where 

c o a s t  

c 4 =  [ 0 0 

c 5 =  [ 0 0 

C g =  [ :  

c 7 =  [ 0 

Y 
r 

0 x 
r 
- 

0 

0 1  

0 1  

i r l  

j r c ; T - y v  
r v  sine 

0 1  

-x 1 

p and q a r e  the numbers t h a t  s p e c i t y  power c u t o f f  and 

c u t o f f  o p t i o n s  r e s p e c t i v e l y  f o r  m=1,2,3,--- ,M2 . 

9 



-1. - 
Kpm and K" 

o p t i o n  f o r  m=1,2,3,---,M2 . 
a r e  t h e  v a l u e s  of power and c o a s t  c u t o f f  l i m i t s  f o r  each Pm 

- 
T i s  de f ined  when 'z = 

Pm 

f a t  t h i s  t i m e  s e t  = 0.0 and i n t e g r a t e  t o  

T: , def ined  when 2" = 
Pm 

-b - 
TLpm and TL" a r e  t o l e r a n c e s  f o r  t h e  o p t i o n s .  

Pm 

where 
-1. 

? (T i )  = 

The a d d i t i o n a l  c o n s t r a i n t s  a r e  chosen such t h a t  

P ( r m j )  = C r m j  (T:) [I +k(T:)fL] 

f o r  j =1,2,3,---,N, 

t hen  

10 



A 

P = C$(T:) , 

= pM: 
t hen  

o r  Q = P ^ .  

I f  P" i s  used,  then 2 must be t h e  number which s p e c i f i e s  t h e  

t i m e  o p t i o n ,  q = 1. 

4 

and H2 = *( f ) 

0 

0 

- s i n $  

- c o s $  

11 I 



then F ( t )  = 

and G( t )  = 

1 

tn n 
B = F(t)F‘ ( t ) d t  =&F(t)F’ ( t f l c k  , 

t0 

A = B-’a , 

1 2  



h*( t )  = h,( t )  + h’G(t). 

z =  

then  AZ = k - Z  

where KL= 

. .  . 

KL, 

c o n s t r a i n t s .  

given by t h e  u s e r ,  a r e  the  l i m i t s  o t  t he  a d d i t i o n a l  

13 



f o r  L = 1 , 2 y 3 y - - -  ,NM. Eo and E l L  a r e  t o l e r a n c e s  g iven  by t h e  

u s e r .  

If c o n d i t i o n s  C and D a r e  n o t  s a t i s f i e d ,  t hen ,  

1 4  

E E = -  
2 

2h’k 

tn  n 

tn n 
E = J F ( t ) E ( t ) d t  = F ( t k ) z ( t k p e k  

k= 1 n t  

- A$ = - E ( t )  +Ah’i;;(t) . 

then $ = $ + A $ ,  . 



return to integration with all the initial conditions and repeat 

the iteration until conditions C and D are satisfied. 

15 



DOCUMENTATION CHECKLIST 
JOB NUMBER 560490 

Have It Remarks P r o j e c t  : 

1125 
Program Development Char t s  
O r i g i n a l  Problem from Customer 
Cor r e s pond ence 
Check Case 
Documentation Check l i s t  

X 
X 
X 
X 
X 
X 

Pro b l  em : 

X 
X 

$:Abs t r ac  t 
;kTechnical Desc r ip t ion  
Equat ions 
D e f i n i t i o n  of Terms 
S p e c i a l  Options 
Numerical Methods f o r  S o l u t i o n  
Technica l  References 
Rela ted  P r o j e c t s  

Programming:. 

L ib ra ry  Subrout ines  
Program Subrout ines  
S p e c i a l  Input  Form 
S p e c i a l  Input  Tape Contents  
S p e c i a l  Output Tape Contents  
P l o t s  Generated 
Method of V e r i f i c a t i o n  
;kBlock Diagram 
Flow Char t s  
7kProgram L i s t i n g  

~. 

X 
X 
X 
X 
X 
X 

X 
X 
X 

None Used 
None Used 
None 

X 
X 
X 
X 

Deck Setup:  

+:Cornput e r  Conf igura t ion  
$:Estimated Running Time 
:?Restart  Procedure 
$;Deck Sequence 
9:Requir ed Inpu t  Data 
; 'cRestr ic t ions & Limi ta t ions  
7kDiagno s t i c  s 
$:Normal Output Quant i ty  
$<Def in i t ion  of Output 
9:s amp 1 e Op e r a t o  r I n  s t r u c t i o n  Card 
%Sample Save Label 
-/;Sample Input  Form 
%ample Output 
,':Sample P l o t s  

Decks : 

Symbolic 
Binary 
Data 

X 
X 

No C a p a b i l i t y  
X 
X 
X 

None P r i n t e d  
X 
X 
X 

Not Appl icable  
X 
X 

None Used 

Locat ion  of 
Bldg. 4200, Rm. G24 
Bldn. 4200, Rm. G24 

X 
X 
X Bldg. 4200; Rm. G24 

Prepared bv: James W .  H i l l i a r d  Approved by: Joseph S c o l l a r d  
Programmer Date Programming Mgr. Date 
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DECK SETUP INSTRUCTIONS 

All the input data must appear sequentially in the data deck as 

shown in T a b l e  3. 

satisfy Equation A .  

The user may not be concerned with TN that must 

TN, AN, BN, and CN must be added for a l l  cases. 

T N S T ~  + DELT [ 1 7 5 - 2 ( W N O ) ]  , 

Where N=l + number of stages and 175 is the largest allowable number 
of storages for each single array variable. 

NO is the number of options and NR is the maximum number of 

constraints being used. 

q for all other cases. The value of q will be the number of the 

variable being maximized. 

which the weighting functions will be computed. 

NRUN=O for the last case in a stack. 

NC=O if Equation B is not used and will equal 
A A 

IO is the number of the cutoff option for 

10=1,2,3,---,8. 

EO is the tolerance for €(tk). 

1 7  



T2 i s  t h e  second v a l u e  o f  t h e  t t a b l e  d e s i r e d  t o  i r r a t i o n a l i z e  a l l  

t h e  v a l u e s .  

and T2 - T, I D E L T .  

The numbers f o r  power c u t o f f ,  N6(I) ,  c o a s t  c u t o f f  o p t i o n s ,  N5( I ) ,  

and t h e  c o n s t r a i n t s ,  N 2 ( I , J ) ,  can be ob ta ined  from t h e  Z a r r a y .  

Re fe r  to  t h e  Example Case and Data Package Card Arrangement, 

Tab le  4 ,  f o r  d a t a  i n s t r u c t i o n s  of a l l  v a r i a b l e s .  



SAMPLE INPUT 

. 

xo = 236255.46 

yo = 6456667.82 

6,  = 2800.5746 

jT0 = 635.94317 

T, = 184.99481 

T, = 412.5503 

T3 = 523.87973 

T, = 528.87973 

a = 10.787315 

a = 8.92405155 

a 3 =  1 0 - 2 ~  

1 

2 

a = 1.96132994 
4 

b l  = 1.2867664 

b, = 0.69140715 

b, = 1.0  

b4 = 0.36021199 

c1 = -0.261282644 

c2 = -0.212616813 

cg = 0.0 

c4 = 0.646948359 

A t  = 5.0 

A t c =  5.0 

19  



SAMPLE INPUT 
(Continued) 

A 
q = 7  

ro = 6370000.0 

go = 9.81 

e, = 1.5707963 
- 
K, = 412.85503 
- 
K2 = 773.599673 

.L 

K; = 6370000.0 

K: = 773.599673 

- 
p1 - 

P 2  = 

g, = 

- 
T L _  = 

L 

-1. 

TL‘; = 

- 
Eo - 

1 

1 

6 

1 

0.01 

0.01 

0 .1  

0.01 

10- 

5971137 

. 

for time (tk) 

for time (t,) 

for radius (r,) 

for time (tk) 

6 constraint for (yk)  

K = 6552000.0 constraint for (r,) 

K = 1.5707963 constraint for (0,) 
2,1 

2)  2 

EL = 0.1 
1 J 1  

“2,1= 0.1 

EL = 
2 J 2  



This is a four stage vehicle, because there are four T points. 

, 

N = 1 + 4 .  

There are two options for power cutoff and coast cutoff. 

NO = 2 .  

The maximum number of additional constraints used is two. 

NR = 2.  

A A 

Equation B is used because q is given and NC = q if given, otherwise 

NC = 0. 

NC = 7 

The last option is used to compute the weighting functions. 

IO = 2 

There is only one case. 

NRUN = 0 .  

- 5  
EO = 1.0 x 10 

T2 = 185.0. 

From the Z array the time option is 1 and the radius option is 6. 

21 



22 

= 1  

= 1  

= 6  

= 1. 

= 3  

= 6  

= 8  

= 412.85503 

= 773.599673 

= 6370000.0 

= 773.599673 

= 0.01 

= 0.01 

= 0.1 

= 0.01 

= 5971137.6 



= 6552000.0 

184.99481 10.787315 

412.5503 8.92405155 

523.87973 10- 2o 

528.87973 1.96132994 

800.0 1.96132994 

XO 

YO 

XDO 

YDO 

= 1.5707963 

= 0.1 

= 0.1 

5 
= 10- 

1.2878664 -0.261282644 

0.69140715 -0.212616813 

1 .o 0.0 

0.36021199 -0.046948359 

0.36021199 -0.046948359 

= 236255.46 

= 6456667.82 

= 2800.5746 

= 635.94317 
, 

SGO = 9.81 

RO = 6370000.0 

23 



DELT = 5.0 

THC = 1.5707963 

This example maximizes the velocity because the burning time 

is fixed at 773.599673 seconds. 

24 



TABLE 1 

COMPUTER REQUIREMENTS AND USER INFORMATION 

Floating point 

32,000 storage locations 

FORTRAN IV compiler 

Subroutine library 

Job Number 

Estimated running time 

SS 2 On 

ss 2 Off 

Restart procedure 

Deck sequence 

Restrictions 

Printed diagnostics 

Originator 

Hardware 

Hardware 

Software 

Software 

560490 

0.176 hours 

0.075 hour 

No capability 

See computer Listings 

See Introduction and 
Deck Setup Instructions 

None 

Lyle R. Dickey, 
Technical & Scientific Staff, 
Aero-Astrodynamics Laboratory 

25 



TABLE 2 

PROGRAM INPUT DATA 

Formula C omp u t e r Units of Remarks 
Notation Language Notation Measurement 

N N Number o f  staging times 

NO 

NR 

M2 

NM2 

Number of options 

Number of max. constraints 

4 NC NCfO if equation B i s  used 

IO Number for the weighting 
function option 

NRUN Number of cases 

E O  EO Tolerance for E(tk) 

seconds Desired t2 value 

P N6 (1) Numbers of power cutoff options 

6 N5 (1) Numbers of coast cutoff options 

~2 (I, J) Numbe r s o f add i t i ona 1 con s t rain t s 'm i 
J - 

f w 3  (1) see Tbl 3 Values of power cutoff limits kpm 

AKS (I) see Tbl 3 Values of coast cutoff limits G m  

K 

DTA (I) seconds Integration increment for 
coast 

TOLl (I) see Tbl 3 Tolerance for power cutoff 

TOL6 (I) see Tbl 3 Tolerance for coast cutoff 

CK(1, J> see Tbl 3 Values of cutoff constraint 
limits 
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TABLE 2 

PROGRAM INPUT DATA 
(Continued) 

Formula Computer Units of 
Notation Language Notation Measurement Remarks 

ELL El (1) see Tbl 3 Tolerance for g Z  

Ti T (1) seconds Staging time s 

ai 

bi 

ci 

0 
X 

YO 

xO 

g0 

If0 

At 

@C 

A(I) Newtons Constant times force 

B(I) mass Constant times mass 

C(I) mass/seconds Constant times m 

XO meters Horizontal initial distance 

YO meters Vertical initial distance 

XDO meters/second Horizontal initial velocity 

YDO meters/second Vertical initial velocity 

SGO meters/second2 Initial gravity acceleration 

RO meters Initial distance from center 
of earth 

DELT 

THC 

seconds Power integration increment 

radians Velocity vector angle at 
cutoff 

27 



TABLE 3 

tk 

X 

Y 

X 

UNITS OF MEASUREMENT 

- 
K, K", K, El, E, and TL" 

Seconds 

Meters 

Meters 

MetersISecond 

MetersISecond 

Meters 

MetersISecond 

Radians 

Radians 

Meters/Second 

MetersISecond 

Mass /Seconds 

Meters 

2 

2 

, 

28 



TABLE 4 

DATA PACKAGE CARD ARRANGEMENT 

Card 
Number 
- 

1 

1 

1 

1 

1 

1 

1 

1 

2 

2 

3 

Data 
Field 

1- 5 

6-10 

11-15 

16- 20 

21-25 

26-30 

31-45 

46- 60 

1- 5 

6-10 

1- 5 

6-10 

Remarks 

Number of stages + 1 
Number of options 

Number of constraints 

0 if equation B is not used 

0 for last case in a stack 

Number of weighting function option 

Tolerance for 6(tk) 

Value of t2 desired 

Numbers for power 

Cutoff options, 

I = 1,2,3,---,NO 

Numbers for coast 

Cutoff options , 
- I - - 1  q , 2  n i n  
I - L , & , J , - - -  ) l V V  

29 



Card 
Number 
- 

4 

4 

4 

5 

5 

NOt3 

NOt4 

N W 4  

N0+4 

N0+4 

N0+4 

NDt5 

N W 5  

TABLE 4 

DATA PACKAGE CARD ARRANGEMENT 
(Continued) 

Variable Data - 
Field 

Remarks 

additional constraints 

I = 1,2,3,---,NO 

N2 (1, J) 

N2(2,1) 1- 5 J = 1,2,3,---,NR 

N2 (2,2) 6- 10 

N2 (1 J J) 

AKB(1) 1- 15 

AKS(1) 16-30 

D T A ( 1 )  31-45 

TOLl(1) 46-60 

TOL6 (1) 61-75 

AKB (2) 1-15 

AKS (2) 16-30 

First power cutoff value 

First coast cutoff value 

First coast integration increment 

First power cutoff tolerance 

First coast cutoff tolerance 

Second power cutoff value 

Second coast cutoff value 



TABLE 4 

DATA PACKAGE CARD ARRANGEMENT 

Card 
Number 

2N0+3 

2N0+4 

2 N W 4  

2N0+5 

2NW5 

2N0+6 

- 

2NO+LC* 

2N O+LC+ 1 

2NO+LC+l 

2N O+LC+1 

2NO+LC+1 

2NO+N+LC 

7N&l-wT.C 

2 N W W L C  

2 N W W L C  

Data 
Field 
- 

61- 75 

1- 15 

16-30 

1- 15 

16-30 

1- 15 

16-30 

1- 15 

16-30 

31-45 

46- 60 

1-15 

16- 30 

31-45 

46- 60 

(Continued) 

Remarks 

I = 1y2,3,---yN0 

First constraint value for first option 

Tolerance for first constraint value 

Second constraint value for first option 

Tolerance for second constraint value 

Third constraint value for first option 

Tolerance for last constraint value 

Initial time 

Initial force constant 

Initial mass constant 

Initial I% constant 

Calculated T(N) 

_. A ( N - 1 )  

B (N- 1) 

C (N- 1)  

7 t  

LC = total number of 
for one case. 

constraints used 
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TABLE 4 

Card 
Number 

2NO+WLC+1 

2NO+N+LC+1 

2NO+N+LC+1 

2NO+N+LC+ 1 

2NO+N+LC+2 

2NO+N+LC+ 2 

2NO+N+LC+ 2 

2NO+N+LC+2 

- 

32 

Variable 

xo 
YO 

XDO 

YDO 

SGO 

RO 

DE LT 

THC 

DATA PACKAGE CARD ARRANGEMENT 
(Continued) 

Data Remarks 
Field 
- 

1-15 Initial horizontal distance 

16- 30 Initial vertical distance 

31-45 Initial horizontal velocity 

46- 60 Initial vertical velocity 

1-15 Gravity at initial time 

16-30 Initial radius 

31-45 Integration increment 

46- 60 8 for power cutoff at T(N) 



c 

r( 

- 0  

D O  
. .  --- 

-- 
- P I  

3 0  

3 0  
. .  

e o  - . .  
D V )  

@l 
-- 
o r -  . =  
o m  
o m  
o m  
0 .  

o r -  
w r -  

k -2 -  

_- 

m g 
i -~ ~ 
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TABLE 5 

OUTPUT NOTATION 

Not at ion 

TIME 

DELT 

ETAT 

DETT 

CHI 

DCHI 

X 

Y 

XD 

YD 

XDD 

YDD 

RAD 

VEL 

THETA 

PHI 

OVEL 

EVEL 

Definition 

tk 

A tk 

X 

r 

V 

8 

OV 

Units 

Seconds 

Seconds 

Seconds 

Seconds 

Degrees 

Degrees 

Meters 

Meters 

Meters/Second 

Metcrs/Sccond 

Meters / Second2 

Me t er s /Second 

Meters 

Meters/Second 

Degrees 

Degrees 

(Meters /Second)2 

(Meters /Second)2 



TABLE 5 

OUTPUT NOTATION 
(Continued) 

, 

t 

Notation 

ENEG 

ENG 

HB1 

HB2 

KB1 

KB2 

FOM 

HS 1 

HS 2 

H 2 S  

EPS 

DRAGX 

DRAGY 

Definition 

E 

Units 

Mas 8Second s 

Meters 

'/Seconds2 

'/Seconds * 
'/Seconds * 
'/Seconds * 

Meters/Second2 

/Radians 

'/Radians2 

'/Radians2 

' /Radians 
Meter s/Second2 

MetersISecond 
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APPENDIX I 

RUNKUT 

WRITTEN BY: 

PURPOSE : 

DESCRIPTION : 

USAGE : 

Runge-Kutte I n t e g r a t i o n  
I N 0  

C .  R .  Wallace 

To numer i ca l ly  i n t e g r a t e  a s e t  o f  f i r s t  and second o r d e r  
d i f f e r e n t i a l  equa t ions .  

T h i s  FORTRAN s u b r o u t i n e  u s e s  t h e  f o u r t h  o r d e r  Runge-Kutta 
i n t e g r a t i o n  formulas (Hildebrand, page 238) t o  numer i ca l ly  
i n t e g r a t e  a s e t  o f  d i f f e r e n t i a l  e q u a t i o n s  which may be 
solved f o r  t h e  h i g h e s t  o r d e r  d e r i v a t i v e s  of each v a r i a b l e .  
There m u s t  be on ly  one independent v a r i a b l e .  

The subrou t ine  must be c a l l e d  fou r  t imes f o r  each time 
s t e p .  The c a l l i n g  sequence i s :  

CALL RUNKUT (NEQ,NSO,H,X,F,Y,YP,FK,AY,AYP,~LJM~,~UM~,IND) 

NEQ - Number of e q u a t i o n s  
NSO - Number o f  second o r d e r  equa t ions  
H - Step  S i z e  
X - Independent v a r i a b l e  
F - Highest  o r d e r  d e r i v a t i v e s  (a  b lock  o f  NEQ va lues )  
Y - Dependent v a r i a b l e s  ( a  block o f  NEQ va lues )  
YP - F i r s t  d e r i v a t i v e s  of  dependent v a r i a b l e s  (second 

FK,AY,AYPYSUM1,SUM2 - A u x i l i a r y  block s t o r a g e  (NEQ 
o r d e r  equa t ions  o n l y )  (NSO v a l u e s )  

va lues  o f  F K , A Y ,  SLJM2; NEQ va lues  
oT AYP and SUML) 

I N D  - I n d i c a t o r  [or which of t he  [our p a s s e s  i s  being 
made through the  s u b r o u t i n e s ;  i . e . ,  
I N D  = 1 , 2 , 3 ,  o r  4 .  

I n  o rde r  t o  have a l l  va lues  ( i n c l u d i n g  any v a r i a b l e s  com- 
puted from i n t e r m c d i a t e  e q u a t i o n s )  c o r r e c t  a t  each time s t e p  
i t  i s  reconuncnded t h a t  s u b r o u t i n e  RUNKUT be c a l l e d  b e f o r e  
the  h i g h e s t  o r d e r  d e r i v a t i v e s  Lire computed. 
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Example: Suppose t h e  equat ion  

ut '  = g1 (ul, u,  'V, w l ,  w ,  t )  
V I  = g2 ( u t ,  u ,  v, w l ,  w ,  

W' I  = 83 ( u t ,  u ,  'V, w l ,  w ,  t )  
t )  

a r e  t o  be i n t e g r a t e d  f o r  100 s t e p s  wi th  a s t e p  s i z e  
of  . l .  Th i s  could be  coded a s  fo l lows:  

l -  E 4 U I V A L E N C E  (u", F ( 1 ) )  , (w", F ( 2 ) )  , ( V I  , F ( 3 ) )  , 
(u,  Y U ) ) ,  (w, Y(2) )Y (v ,  Y ( 3 ) ) Y  

( u '  , Y P ( 1 ) )  Y (w' Y Y P ( 2 ) )  
D I M E N S I O N  F ( 3 ) ,  Y ( 3 ) ,  Y P ( 2 ) ,  F K ( 3 ) ,  A Y ( 3 ) ,  A Y P ( 3 ) ,  

NEQ = 3 
NSO = 2 
H = . 1  
x = 0. 
N P  = 101 
DO 1 I = 1, NP 

SUM1 (3) , S U M 2 ( 3 )  

I F  (1-1) 2, 3 ,  2 
3 I N D  = 4 

GO TO 4 
2 I N D  = 1 
5 CALL RUNKUT (NEW,NSO,H,X,F,Y,YP,FK,AY,AYPYS~~,S~2,IND) 

81 4 u l l  = 

82 
v1 = 

83 w" 
I N D  = I N D  + 1 
I F  ( I N D  - 4 )  5 ,  5, 6 

6 (any d e s i r e d  coding) 
1 CONTINUE 

.a 
t 

R E S T R I C T I O N S :  Equat ions  may n o t  b e  h i g h e r  t han  second o r d e r .  I f  t h e r e  
a r e  both f i r s t  and second o r d e r  equa t ions ,  t h e  v a r i a b l e s  
from t h e  second order  equa t ions  should be p laced  f i r s t  i n  
t h e  b locks .  
f i f t h  d e r i v a t i v e  of t h e  dependent v a r i a b l e .  

The e r r o r  i s  o f  t h e  o r d e r  of H5 t i m e s  t h e  

T I M I N G  : . The computat ion wi th in  t h e  sub rou t ine  would r e q u i r e  less  
than  one second for  4 equaEions Fur i G G  Li i i ie  s t eps .  
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APPENDIX I1 

SUBROUTINE : Matrix Inverse 

WRITTEN BY: 

MODIFIED BY: Sylvia Bryant 

PURPOSE : Compute the inverse of a matrix 

USAGE : CALL MINV (A, AI, DET, M) 

Where : A is a (MXM) matrix 

AI is the resulting inverse of A 

DET is the value of the determinant of A. If A is 
a singular matrix, DET = 0. 

M is the size .of A .  

There exist two .versions of this subroutine. In one case A and 
AI are two-dimensional arrays (M, M) and must be dimensioned in the 
user's program and in the subroutine. In the second version A and AI 
are single arrays and must be dimensioned by the user's program only. 

In both cases the array IORD must be dimensioned (M) in the 
subroutine . 

Upon return from the subroutine, A is unchanged. 
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APPENDIX I11 

SUBROUTINE: Matrix Multiply 

WRITTEN BY: James W .  Hilliard and Sylvia Bryant 

LANGUAGE : FORTRAN I V  

PURPOSE : To compute the product of (single)(single), 
(double) (double) , (single) (double) , or 
(double)(single) array matrices. 

USAGE : 

WHERE : 

CALL MATMP(I1, 1 2 ,  13,  14,  15, 1 6 ,  I, J, K,  A, B y  C) 

I1 is the number o f  dimensioned rows of A 
I 2  is the number o f  dimensioned columns of A 
I 3  is the number of dimensioned rows of B 
I 4  is the number of  dimensioned columns of B 
I5  is the number of dimensioned rows of C 
I 6  is the number of dimensioned columns of C 
A is a (I x J) matrix 
B is a (J x K) matrix 
C is a (I x K) matrix 

RESTRICTIONS:  (1) 11, 1 2 ,  13, 14 ,  15, and I 6  must NOT be zero (0) 
for single array matrices. 

EXAMPLE: DIMENSION A ( 2 0 ) ,  I1 or I 2  must = 1. 

(2) Neither A nor B may be C.  

EXAMPLE: CALL MATMP(I1,  1 2 ,  13, 14 ,  15, 1 6 ,  
I ,  J, K, A, B, A) is illegal. 

(3)  I %  I1 J S  I 2  K 9  I 4  
I 9  I5  J %  I 3  K %  I 6  

STORAGE : 2638 = 17glO locations. 

4 
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FLOW CHART 

FOR COMPUTER PROGRAM 

I 

40 



START 0 

< 0.0 D 
T H D = X " - X o  

READ I N  
INPUT DATA 

x,= & + l r  

WRITE 

INPUT DATA 

RA = 57.2957791 
RB rr/180 
R D =  R B ~  

I n I 

41 



DO 20 I = l , N  

42 6 



0 0 2 9  I =  1,K2 0 

CONTINUE 

ON DO 29 

COMPUTE CONSTANT 

VALUES OF H1. r- H2, AND C 

A COMPUTE 
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L 1  = 1, FM. . =  0.0, 
‘2 J 

GMi,j = 0.0, LCC = 0 
L 2  = 2, 121 = 0, 

NCOUNT = 0, IPOWER = 1 

f 
ISEC = 1, LA = NO, 

NEQ= 2, NSO= 2 
D T R = A t l ,  T R K =  t l  

DO 3 I =  1, K2 



p7l 
RUNGE-KUTTA 

COMPUTE 
VARIABLE 

PRDl= 
AEKI*  ULM 

C H I  AAA, AAB 
CH2 AAC, . . 

CH3 AAH 

CH1 AAA - 
CH2 - - - 

CH3 - - AAH CH2, CH3) 

'43 T= f (AAT) 

> 4  

I 1 
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LY= N6( J ) 
J= 1,2.. . .NO 

TOL2 = * 1  =1  TOL2 = 
TIME ~ K* 22 - K* 

5 TOL3 MOVE 
NECESSARY 
VARIABLES 

5: TOL3 

> TOL3 4 

FOR DTR, TRK 

b NCOUNT= 
NCOUNT -# 1 b Lw= L0 

> TOL3 4 

DTR, TRK 

6 
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DD 5 0  J = 1, LA 0 
LO N6 (J) 

TOL2 = 2 2  - AKB 

INTERPOLATE 
FOR TRK 
AND DTR 

I 

> LA N6(J) = 
N6(J + 1) 

I J = J t 1  * 
O F F  WRITE DATA 

FOR POWER 
CUTOFF 

I 

CONTINUE 

ON DO 50 

CONTINUE 
ON DO 30 

t 

e 0 . 0 1  - TOL2= K*-K 
ULM= I 

v 2 

NCOUNT = M2 
LW = LU 

2 

> 

POWER= 0 
13 

- = 0.0 m 

47 



= o o  
- 

QM1,J = 
,J 

J 



. 
t 

KTlM = I + 1 
J J =  1 + 1  

NCOT= LCC + 1 

DO 94 
II = 1, KTlM 

H1 H1 
3 , l  4 , l  

H23,1 "'4,l 

I = 1  
A c t ,  )i j 

+ 1  

* NO = NO 
JJ=  KTlM- I I  4 

- 

4 

hl(t) 

h2(t) = 

U LP = U LM-AEK 1 

ULM= U L  P 

C R =  PRsULM 
Fm, Gm 
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I =  I -  1 
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LISTINGS FOR THE COMPUTER 
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69 



70 

4 



0 

I *  

14  F O R M A T ( 4 ( 1 1 X , E 1 5 o 8 ) 1  

1 5  F O R M A T ( / / l l X , 1 5 H  STAGING TIME l l X 1 1 5 H  A ( 1 )  1 1 X  9 1 5 H  
W R I T E ( 6 1 , 1 5 )  

l B ( 1  1 1 1 X  1 5 H  C ( I )  1 
DO 16 I = l r N  

W R I T E ( 6 1 ~ 1 7 ) X O ~ Y O ~ X D O , Y D O , S G O , R O I T H C I D E L T  
16 W R I T E ( 6 l r l 4 ) T ( I ) r A ( I ) , B o , C ( I ) ~ C ( I )  

1 7  FORMAT(/ /5X96HXO= E15*8,5X,6HYO= E15*8,5X,6HXDO= E 1 5 . 8 9 5 X ~ 6 H Y  
1DO= € 1 5 * 8 / 5 X ~ 6 H G O =  E15*8,5X,6HRO= E 1 5 * 8 r 5 X * 6 H T H C =  E 1 5 o 8 , 5 X ~ 6  
2HDELTs E 1 5 0 8 1  
W R  I TE ( 6 1  9 1 2 4  1 

1 2 4  FORMAT(//16X~1OHCONSTRAINTllX~l5H CONSTRAINT l l X 9 1 5 H  C O N S T R A I N  
1 T  /16X,10H NUMBERS l l X v 1 5 H  VALUES 1 1 X  9 12" TOLERANCES 1 

DO 1 2 5  J = 1 * 8  
NADD=O 
DO 1 2 5  1 ~ 1 9 1 3  
NADD=NADD+l 
I F ( C K ( I , J ) ) 1 2 6 , 1 2 5 , 1 2 6  

1 2 6  W R I T E ( h l r l 2 7 ) N A D D , C K ( I t J ) , E 1 ( I I J )  
1 2 5  CONTINUE 
1 2 7  F O R M A T ( l h X ~ I 5 r 5 X ~ 2 ( 1 l X ~ E l 5 o 8 )  1 

RA=57 .2957791  

TPN=T(N)-(lOOoO*B(N))/C(N) 
CO1=-SCO*RO** 2 

C O N = ( X D O + Y O - Y D O * X O ) / ( X O * X D O + Y O * Y D O )  
CHIO=ATAN(CON) 
I F ( C H 1 0 ) 1 8 , 1 9 , 1 9  

1 8  CHIO=C,HI0+301415926  
19 THD=THC-CHI0 

K = 2  
I F S T = 4  
DO 20 I = l , N  
I F (  I e E Q o 1 ) 2 1 r 2 2  

2 1  g T ( l ) = T ( l )  
D T = T ( 2 ) - T ( l )  
TLT=TZ-T(  1) 
I F ( D T - T L T  1 2 3 r 2 4 r 2 5  

23 S T ( 5 ) = T 2  
S D T ( 4 ) = T 2 - T ( 2 )  
GO TO 2 6  

E 4  S T ( 5 ) = T ( Z ) + D E L T  
SDT ( 4  1 =PELT 
GO TO 2 6  

2 5  I F ( D T e L E o D E L T ) 2 7 , 2 8  
2 7  ST(S)=TZ+DELT 

2 6  K=K+3 
S D T ( 4 ) = S T ( 5 ) - T ( 2 )  

CHKxO 0 
S T ( 2 ) = S T ( 1 ) + 0 * 5 + D T  
S T (  3 )  = T (  2 1 
ST ( 4 )  = T (  2 ) 

SDT(  2 )=SOT ( 1 )  

IFST=O 

S D T ( l ) = O o 5 * D T  

S D T ( 3 ) = O o O  
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GO TO 137 

SDT ( 1 )  =TLT 
GO TO 137 

22 DT=T(I)-T(I-l) 

28 ST(2)=T2 

IF( IFSToEQo0)138,139 
138 IFST=4 

GO TO 20 
139 IF(IoEQo2)140,141 
141 IF(DToLEoDELT)142,143 
143 SDT(K)=DELT-CHK 

ST(Ktl)=ST(K)+SDT(K) 
GO T O  144 

140 SDT ( K 1 =DELT 
ST ( Kt1 1 =ST ( K  1 tDELT 

144 CHK=T( I )-ST (Kt11 
IF(CHK-DELT)145,225,146 

146 K=K+1 
GO TO 140 

145 SDT(K+l)=CHK 

ST (K+2 1 =T ( I 1 
ST(Kt3)=T(I) 
K=K+3 
GO TO 137 

225 SDT (Kt1 1 =CHK 

GO TO 226 

IF ( DOT-DELT I147 9 148 

GO TO 150 

GO TO 150 

226 SDT(K+2)=OoO 

CHK=OoO 

142 DOT=DT+CHK 
149 

147 CHK=T(I)-ST(K-2) 

148 CHK=OoO 

149 CHK=T(I)-(ST(K-2)+DELT) 
150 K=K+3 

ST(K-Z)=ST(K-3)+0*5*DT 
ST(K-l)=T(I 1 
ST(K)=T(I) 
SDT(K-3)=0*5*DT 
SDT(K-2)=SDT(K-3) 
SDT(K-l)=OoO 

137 K2=K 
K3=K2+1 

20 CONTINUE 
WRITE(61,269)K,K2 

DO 29 I=19K2 
269 FOHMAT(2(5XtI4) 

IF(IoEQo1)60,81 
60 ET(I)=ST(I) 

GO TO 62 

DET(I-l)=ET(II-ET(I-l) 

DCHI (I)=O.O 

81 ET(I)=ST(I-l)+Oo5*SDT(I) 

62 CHI( I)=CHIO+THD*((ST(S)-ST(l))/(TPN-ST(l))) 
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c 

29 CONTINUE 
DO 202 1 1 ~ 1 9 4  
DO 202 JJ=194 
IF(II.EQ.JJ)203,204 

203 AID(I19JJ)=l.O 
GO TO 202 

204 AID(II,JJ)=OoO 
202 CONTINUE 

Hl(l91)=0.0 
H1(2,1)=0.0 
H2(191)=000 
H2(2,1)=0.0 
AEK(191)=O.O 
AEK(1,2)=O.O 
AEK(lr3)=1.O 
AEK(lr4)=OoO 
AEK(2,1)=O*O 
AEK( 2 92 =O.O 
A E K  ( 2  93 )=0.0 
AE K  ( 2  94)=1.0 
AEK(393)'O.O 
AEK(394)=0.0 
AEK (4 93 ) = O m 0  
AEK( 4 94 ) = O o O  
CM( 191 )=0.0 
CM(192)=0.0 
CM(193)=0.0 
CM(1,4)=D.0 
DO 75 1 1 ~ 2 9 5  
DO 75 JJ=194 

75 C K . ( I I  ,JJ)=AID(II-l,JJ) 
1 *et, 0 
DO 1'10 MO=lrNO 

170 IWAS(MO)=K2 

ITER=ITER+l 
IDEL-0 
NCOUTT=l 
NSEC=O 
DO 808 1 1 ~ 1 9 8  
JPP ( I I 1 =O 
TOL3(II)=TOLl(II) 
TOL7(1I)=TOL6(11) 
DTC(II)=DTA(II) 
N3(II)=N5(II) 
AKSl(II)=AKS(III 
A K B l ( I I ) = A K B ( I I )  

DO 131 II=l,NO 
DO 131 JJ=lrNR 

131 Nl(II,JJ)=N2(II,JJ) 
DO 215 1 1 ~ 1 9 8  
DO 215 JJzls175 
FM(II,JJ)=O.O 

215 GM(II,JJ)=O.O 

30 Ll=l 

808 N7(II)=N6(II) 
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LCC=O 
L2=2 
IZl=O 
NCOUN T=O 
IPOWER=l 
ISEC=l 
LA=NO 
NEQ=2 
NSO=2 
DTR=SDT(l) 
TRK=ST ( 1 )  

I ND= 1 
DO 31 1 = 1 9 K  

IF(IoEQ.1 133934 
33 x=xo 

Y=YO 
XD=XDO 
YD=YDO 
x 1 ( I 1 =xo 
Y1( I )  =YO 
KDl(I)=XDO 
YD1( I )=YDO 
Rl(I)=SQRT(X**2+Y**2) 
Vl(I)=SQRT(XD**2+YD**2) 
CON1=(X*XD+Y*YD)/(R1(I~*Vl(I)) 
THET ( I 1 =ACOS (CON1 1 
CON 1 = X/Y 
PHI(I)=ATAN(CONl) 
OV(I)=V1**2+GO1/R1 

ENG( I )=XD*Y-YD*X 
ENJ(I)=Rl(I)-ENG(I)/(-GOl) 
FMM=A(I)/B(I) 
FOM( I 1 = F M M  
CHI I=CHI ( I  1 

YDDl( I ) =FMM*COS (CHI I 1 +Y*GOl/ ( R 1 (  I 

G=GO1 /R**2 
DRAGX=X*G/R 
DRAGY=Y*G/R 
XDD=FMM*SIN(CHII)+DRAGX 
YDD=FMM*COS(CHII)+DRAGY 
CALL R U N K U T ( N E Q , N S O I D T R , T R K , W ~ , W ~ , W ~ ~ W ~ ~ F K ~ A Y ~ A Y P ~ S M ~ ~ S M ~ ~ I N D )  
IF ( IPOWER 138 939938 

EV( I )=Vl*+2+2o*GOl/Rl 

X D D ~ ( I ) = F M M + S I N ( C H I I ) + X * G O ~ / ( R ~ ( ~ ) * R ~ ( I ) )  
*R1( I ) 1. 

34 R=SQRT (X**2+Y**2 1 

38 IF(INDoEQo2)40941 
40 HBl(II=(CO1/R**3)*(1~-3~*(X~R)**2) 

HR2(I)=(-GOl/R**3)*(3o*X*Y/R**2) 
A K l (  I ) = H B 2 (  I )  

GO TO 47 
AK2( I ) = ~ C O l / R * * 3 ) + ~ 1 o - 3 o * ~ Y / R ~ * * ~ )  

41 IF( INDoLTe3)47948 
47 AAT=ST(I)+O*5*SDT(I) 

IF( IoEQe1)429241 
241 I F ( S D T ( I - l ) o E Q . O o 0 ) 4 2 , 2 6 7  
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267 IF(SDT(I)*EQ*0.0)46,43 
42 CHl=CHI ( I  ) 

CH2=CHI ( I +l ) 
CH3=CHI(I+2) 
AAA=AAT-ST(I+2) 
AAB=AAT-ST(I+l) 
AAC=ST(I)-ST(I+Z) 
AAD=ST(I)-ST(I+l) 
AAE=AAT-ST(I) 
AAF=ST(I+l)-ST(I+2) 
AAG=ST(I+l)-ST(I) 
AAH=ST(I+Z)-ST(I+l) 
AAI=ST( I+Z)-ST(.I) 
GO TO 44 

43 CHlzCHI (1-1 
CH2=CHI ( I ) 
CH3=CHI(I+1) 
AAA=AAT-ST(I+l) 
AABzAAT-ST ( I ) 
AAC=Sf(I-l)-ST(I+l) 
AAD=ST(I-l)-ST(I) 
AAEZAAT-ST(1-1) 
AAF=STII)-ST(I+l) 
AAG=ST(I)-ST(I-l) 
AAH=ST(I+l)-ST(I) 
AAI=ST(I+l)-ST(I-l) 

44 CHII=CHl*((AAA*AAB1/(AAC*AAD) )+CH2*( ( A A A * A A E ) / ( A A F * A A C ) ) + C H 3 * (  (AAB 
l*AAE)/(AAH*AAI) 1 

45 TAU=(AAT-T(Ll))/lOO*O 
FMM=A(Ll)/(B(Ll)+C(Ll)*TAU) 
GO TO 46 

48 AAT=ST(I+l) 
CHII=CHI(I+l) 
CCl=Sf(I)-T(LZ) 
IF(CCl*EQ*0*0)35,45 

35 IF(ISECaEQ*1)37r36 
36 ISEC=1 

37 ISEC=2 
GO TO 45 

Ll=L1+1 
L2=L2+1 
GO TO 45 

46 IND=IND+l 

49 FOM( I+l)=FMM 
IF(IND*LE.4)34,49 

R=SQRT(X**2+Y**2) 
V=SQRT(XD**2+YD**Zl 
XDCl(I+l)=XDD 
yDDii i+ij=YDD 
Xl(I+l)=X 
Yl(I+l)=Y 
XDl(I+l)=XD 
YDl(I+l)=YD 
R1 (I+1 )=R 
v1 (I+1 ) = V  
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CONl=(X*XD+Y*YD)/(R*V) 
THET(I+l)=ACOS(CONl) 
CONl=X/R 
PHI(I+l)=ATAN(CONl) 
OV(I+l)=V**2+GOl/R 

ENG(I+l)=XD*Y-YD*X 
ENJ(I+l)=R-(ENG(1+1)**2)/(-GOl) 
Zl(l)=ST(I) 
Z1(2)=X1(1) 
21 ( 3 1 =Y 1 ( I )  
Zl(4)=XDl(I) 
Z1(5)=YDl(I 1 
21(6)=Rl(I) 
Z1(7)=Vl(I) 
Z1(8)=THET(I) 
21(9)=PHI ( I  1 
Z1(10)=0v(I) 
Zl(ll)=EV(I 1 
Z1( 12 )=ENG( I )  
21(13)=ENJ(I) 
GO TO 113 

200 IF(NSEC)11391289113 
128 Z1 (LY )=22 (LY 1 
113 Z2(1)=TRK 

22 ( 2  =x 
Z2( 3) = Y  
22 (4) =XD 
2 2  ( 5 )  =YD 
Z2(6)=R 
Z2(7)=SORT(XD*XD+YD*YD) 
V=Z2(7) 
CONl=(X*XD+Y*YD)/(R*V) 
Z2(8)=ACOS(CONl) 
CONl=X /Y 
Z2(9)=ATAN(CONl) 
22 ( 10 1 =V**2+GOl/R 

22(12)=XD*Y-YD+X 

CM(691)=X/R 
CM( 692 )=Y /R 
CM(693 ) = O o O  
CM(694)=000 
CM(791)=OoO 
CM(7,2)=0oO 
CM(793)=XD/R 
CM( 7 9 4  1 = Y  D/R 
DMM=R*R*V*SIN(Z2(8)) 
DMN=R*V*V*SIN(Z2(8)) 

EV(I+l)=V**2+2o*GOl/R 

Z2(11)=V**2+2o*GOl/R 

Z2(13)=ENJ(I+l) 

CM( 8 9  1 ) =  (X*V*COS(Z2 ( 8 )  ) - X D + H )  /DMM 
CM(8,2)=(Y*V*COS(Z2(8))-YC*~)/DM~ 
CM(8,3)=(XD*R*COS(Z2(8))-X*V)/DM~ 
CM(894)=(YD*R*COS(Z2(8))-Y*VI/DMN 
CM( 9 9 1 )=Y/R**2 
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CM(9,2)=X/R**2 
CM(993)=0oO 
C M ( 9 ~ 4 ) = 0 o 0  
CM(lO,l)=GOl*X/R**3 
CM(1092)=GOl*Y/R**3 
CM(10,3)=2o*XD 
CM(1094)=2e*YD 
CM(ll,l)=CM(lO91) 
CM(1192)=CM(l092) 
CM(1193)=XD 
CM(1194)=YD 
CM( 12 9 1 )=-YD 
CM(1292)=XD 
CM( 12 93 1 =Y 
CM(1294)=-X 
C M ( ~ ~ , ~ ) = X / R + ( ~ O * Z ~ ( ~ ~ ) + Y D ) / ( - G O ~ )  
CM(13,2)=Y/R-(2.*Z2(1Z)*XD)/(-GOl) 
CM(13,3)=(-2.*Z2(12l*Y)/(-GOl) 
CM(13,4)=(2o*Z2(12)*X)/(-GOl) 
CXDM(l,l)=XD 
CXDM ( 2 9 1 1 =Y D 
CXDM( 3 9 1 l=XDD 
CXDM( 49 1) =Y DD 
IF(IPOWER)71970971 

IF(JPP(J)-J)2569509256 
71 DO 50 J=l,LA 

256 JP=J 
LO=N7( JP) 
TOL2=22(LO)-AKBl(JP) 

52 DLTC=ABS(Zl(LO)-Z2(LO)) 
IF(ABS(TOL2)aLE*TOL3(JP))51952 

D L T K = A B S ( Z l ( L O ) - A K B ( J P ) )  
IF ( DLTC. LT. DLTK 183 954 

54 IF(NSEC.EQo0)1619164 
161 IG=K3 

IT (NCOUTT )=1+2 
165 SDT(IG)=SDT(IG-Z)’ 

ST(IG)=ST(IG-2) 
ET(IG)=ET(IG-2) 
DET(IG)=DET(IG-2) 
CHI (IG.)=CHI (IG-2) 
IGZIG-1 
IF(IG.EQ~IT(NCOUTT))l64~165 

164 IDEL=JP 

151 DZl=Z2(LO)-Zl(LO) 
NSEC=4 

DZ2=AKBl(JP)-Zl(LO) 
CHI(I+1)=(DZ2*(CHI(I+1)-CHI(I) )/DZl+CHI(I) 
CHII=CHI(I) 
DTR=(DZ2*(TRK-ST(II))/DZl 
TRK=ST ( I )  
W2( 1 )=AY( 1 )  
W2(2)=AY(2) 
W3(1)=AYP(l) 
W3(2)=AYP(2) 
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I = I - 1  
GO TO 3 1  

1 8 8  DTR=SDT(  I + 1 )  
GO TO 50 

5 0  CONTINUE 
GO TO 3 1  

5 1  DO 1 5 4  M O l z l r N  

83 I F ( N S E C * E Q c 0 ) 1 8 8 , 8 2  

8 2  I F ( J P * E Q . I D E L ) 1 5 1 , 5 0  

I F ( T R K o E Q o T ( M O 1 )  ) 1 5 5 9 1 5 4  
1 5 4  CONTINUE 

2 4 2  I F ( N C O U T T - 1 ) 2 2 7 , 1 5 6 , 2 2 7  
2 2 7  I F ( A K B ( N C O U T T I - A K B ( N C O U T T - 1 ) ) 1 5 6 ~ 2 2 9 ~ 1 5 6  
2 2 9  IF(N6(NCOUTT)-N6(NCOUTT-1))156,155r156~155~156 

I F ( S D T ( I + l ) o E Q o O o 0 ) 1 5 5 r 2 4 2  

1 5 6  I W A S ( N C O U T T ) = I  
C H I ( I + Z ) = C H I ( I + l )  
ST(I+I)=TR< 
S T ( I + 2 ) = T R K  
SDT ( I =DTR 

SDT(I+2)=ST(I+3)-ST(I+2) 
S D T ( I + l ) = O * O  

ET(I+l)=ST(I)+O*5*SDT(I) 
ET(I+3)=ST(I+l)+Oo5*SDT(I+2) 

D E T ( I ) = E T ( I + l ) - E T ( I )  
DET(I+l)=ET(I+Z)-ET(I+l) 
DET(I+Z)=ET(I+3)-ET(I+2) 
D E T ( I + 3 ) = E T ( l + 4 ) - E T ( I + 3 )  

1 5 5  NSEC=O 
J P P ( J P ) = J P  
I D E L = O  

E T ( I + 2 ) = S T ( I + l )  

GO T 0 ( 5 8 r 5 9 ) S S W T C H F ( Z )  
5 8  T H = T H E T ( I + l ) * R A  

P H = P H I  ( I + 1  ) * R A  
CH=CH I I * R A  

8 0  FORMAT(///32X,39HCONDITIONS FOR POWER CUTDFF, I T E R A T I O N  1 2 / / / 5 X ,  
1 6 H T I M E  E15*8 ,5X,6HDELT E 1 5 * 8 * 5 X , 6 H E T A T  E15*8 ,5X,6HDETT E 1 5 . 0 8 1 5  
2 X 9 6 H C H I  E15*8 ,5X,6HX= E 1 5 * 8 , 5 X , 6 H Y =  E 1 5  8 9 5X ,6HXD= E l  5 8 
3/5X,6HYD= E 1 5 * 8 , 5 X * 6 H R A D  E 1 5 0 8 9 5 X 9 6 H V E L  E 1 5 . 8 9 5 X 9 6 H T H E T A  E 1 5  
4 * 8 / 5 X , 6 H P H I  E 1 5 * 8 , 5 X g 6 H Q V E L  E 1 5 * 8 , 5 X , 6 H E V E L  E15*8 ,5X,bHENEG E 
5 1 5 * 8 / 5 X * 6 H E N G  E 1 5 * 8 , 5 X 9 6 H F O M  E15.8,5X,6HDKAGX L15.8*5X,6HDRAGY 
6 E 1 5 0 8 1  

5.9 T O L 2 = A K S I ( J P ) - A K B l ( J P )  
DO 68  I I = l r 4  
DO 6 8  J J = 1 , 4  

6 8  U L M ( I I , J J ) = A I D ( I I , J J )  
IF(N7(JP)*EQ.N3(JP))304986 

3 0 4  I F ( A B S ( T O L 2 ) . L E * O * O 1 ) 6 1 , 8 6  

2 4 5  DO 2 4 6  1 1 ~ 1 9 4  
8 6  I F ( L O - 1 ) 2 4 4 , 2 4 5 , 2 4 4  

2 4 6  P S M ( l r I I ) = O . O  

78 



c 

GO TO 2 4 7  
2 4 4  DO 2 3 8  I I = l r 4  
2 3 8  C Q ( l , I I ) = C M ( L O ~ I I )  

CALL MATMP(l,4,4,lr4r4rlr4rl*CQ~CXDM~PRDl) 
DO 2 3 9  1 1 ~ 1 9 4  

2 3 9  PSM(lrII)=-CQ(lrII)/PRDl 
2 4 7  CALL MATMP(4rl,lr4r4r4,4rIr4rCXDM*PSMrPRDl) 

DO 2 4 0  I I = 1 r 4  
DO 2 4 0  J J = 1 , 4  

GO T 0 ( 5 3 , 6 7 ) S S W T C H F ( 4 )  
2 4 0  U L M ( I I ~ J J ) = A I D ( I I ~ J J ) + P R D l ~ I I J J )  

5 3  W R I T E ( 6 1 9 1 1 0 )  
110 FORMAT(///36X,20HCONDITIONS FOR COAST) 

67 IPOWER=O 
DTR=DTC(JP)  

3 1 3  I N D = 1  
FMM=O 0 
GO TO 3 4  

3 9  I F ( I N D * E Q e 2 ) 6 3 r 6 4  
6 3  H B A = ( G O l / R * * 3 ) * ( 1 . - 3 . w ( X / R ) * * 2 )  

HBB=(-GOl/R*+3)*(3**X*Y/R**2) 
HBC=HBB 

64 I N D = I N D + l  

6 5  A E K ( 3 r l ) = H B A  
AEK ( 3 92 )=HBB 
A E K ( 4 r l ) = H B C  
AEK ( 4 9 2  )=HBD 
DO 66 1 1 ~ 1 9 4  
DO 66 J J = l r 4  

CALL M A T K P ( 4 , 4 , 4 , 4 r 4 9 4 , 4 r 4 r 4 9 A E K l r U L M t P R D l )  
DO 6 9  I I = l r k  
DO 6 9  JJ=1,4 

L Y = N 3 ( J P )  
GO T O  200 

H B D = ( G O l / R * * 3 ) * ( 1 * - 3 . + ( Y / R ) * * 2 )  

I F  ( I ND. GT a4 165  9 3 4  

66 AEK1( IIIJJ)=AID(II,JJI+AEK(II~JJ)*DTR 

69 U L M ( I I , J J ) = P R D I ( I I r J J )  

70 I F ( L Y m E Q . 1 ) 3 0 5 ~ 3 0 6  
305 TOLZ=TRK-AKSl (JP)  

3 1 1  I F ( T O L 2 ) 6 7 , 6 7 , 3 1 2  
3 1 2  D T R = D T C ( J P ) - ( T R K - A K S l ( J P ) )  

I F ( A B S ( T O L 2 ) * L E * T O L 7 ( J P ) ) 9 1 * 3 1 1  

TRK=TRK-DTC(JP) 
GO TO 307 

3 0 6  T O L 2 = Z Z ( L Y ) - A K S l ( J P )  
I F ( A B S ( T O L 2 ) e L E * T O L 7 ( J P ) ) 9 1 * 7 3  

7 3  D L T C = A B S ( Z l ( L Y ) - Z Z ( L Y ) )  
D L T K = A B S ( Z l ( L Y ) - n ~ S i i Y i i  
I F ( D L T C * L T * D L T K ) 8 9 r 7 4  

8 9  GO T 0 ( 1 0 3 r l l l ) S S W T C H F ( 4 )  
1 0 3  T H = Z 2 ( 8 ) * R A  

P H = Z 2 ( 9 ) * R A  
W R I T E ( 6 1 , 1 1 4 ) T R K , D T R r Z 2 ( 2 ) r 2 2 ( 3 ) ~ ~ 2 ( 4 ) , 2 2 ( 5 ) ~ Z 2 ( 6 ) ~ Z 2 ( 7 ) ~ T H ~ P H 9  

1 2 2 ( 1 0 ) r Z 7 ( 1 1 )  , Z 2 ( 1 2 ) 9 Z 2 ( 1 3 )  rCRAGXtDRAGY 
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114 F O R M A T ( / / 5 X , 6 H T I M E  E 1 5 * 8 9 5 X 9 6 H D E L T  E 1 5 * 8 9 5 X 9 6 H X =  E 1 5 . 8 r 5 X 9 6 H Y  
1= E 1 5 * 8 / 5 X , 6 H X D =  E 1 5 * 8 * 5 X , 6 H Y D =  E 1 5 * 8 , 5 X t 6 H R A O  E 1 5 * 8 , 5 X 9 6  
l H V E L  E 1 5 * 8 / 5 X 9 6 H T H E T A  E 1 5 * 8 9 5 X , 6 H P H I  E 1 5 * 8 , 5 X , 6 H O V E L  E 1 5 . 8 9 5 X  
2 9 6 H E V E L  E 1 5 * 8 / 5 X 9 6 H E N E G  E 1 5 * 8 , 5 X 9 6 H E N G  E15 .895X96HDRAGX E15 .89  
35X96HDRAGY E 1 5 . 8 )  

11 1 I F  ( NSEC 1 9 0 9 6 7  990 
74  N S E C = 4  
90  D Z l = Z 2 ( L Y ) - Z l ( L Y )  

D Z 2 = A K S l ( J P ) - Z l ( L Y )  
TRKZTRK-DTR 
D T R = D Z 2 * D T R / D Z l  

3 0 7  W Z ( l ) = A Y ( l )  
W 2 ( 2 ) = A Y ( 2 )  
W 3 ( 1 ) = A Y P ( l )  
W3(  2 )  =AYP ( 2  1 
GO TO 3 1 3  

9 1  W R I T E  ( 6 1  9 1 1 2  1 I T E R  
1 1 2  FORMAT(///32X939HCONDITIONS FOR COAST CUTOFF, I T E R A T I O N  1 2 )  

T H = 2 2  ( 8  *RA 
P H = L 2 ( 9 ) * R A  
W R I T E ( 6 1 ~ 1 1 4 ) T R K ~ D T R , 2 2 ( 2 ) r 2 2 ( 3 ) , 2 2 ( 4 ) , 2 2 ( 5 ) , 2 2 ( 6 ) , ~ 2 ( 7 ) ~ T H , P H ~  

NSEC=O 
GO TO 9 2  

6 1  NCOUNT=NO 
L w = L o  
GO TO 7 2  

9 2 NCO UN T = NC OUN T + 1 
NCOUTT=NCOUTT+ l  
LW=LY 

1 2 2 ( 1 0 )  9 2 2 ( 1 1 )  s Z 2 ( 1 2 ) r Z 2 ( 1 3 ) 9 D R A G X , D R A G Y  

7 2  I F ( L W - l ) 3 3 0 r 3 3 1 r 3 3 0  
3 3 1  DO 3 3 2  1 1 ~ 1 9 4  
3 3 2  P S M ( l r I I ) = O * O  

GO TO 3 3 3  
3 3 0  DO 7 6  1 1 ~ 1 9 4  

76 C Q ( l , I I ) = C M ( L W , I I )  
C A L L  M A T M P ( 1 9 4 9 4 r l r 4 r 4 , l r 4 , 1 , C Q , C X D M I P R D 2 )  
DO 7 7  I I = l r 4  

77 P S M ( l r I 1  ) = - C Q ( l , I I  ) / P R D 2  
3 3 3  I F ( N C - l ) 2 0 6 r 2 0 7 r 2 0 6  
2 0 6  DO 2 0 8  1 1 ~ 1 9 4  
2 0 8  Q M ( l , I I ) = P S M ( l r I I  1 

GO TO 2 0 5  
2 0 7  DO 2 1 0  1 1 ~ 1 9 4  
2 1 0  Q M ( l r ’ I 1  ) = C M ( 7 r I I )  

DO 78 I I = l r N R  
L B = N l (  JP,  I I ) 

I F  ( L B  1 7 9 9  7 8  9 7 9  

I Z 1 =  I Z l + l  
Z Z D ( I Z ~ ) = Z Z ( L B )  
C K K (  I21 )=CK ( L R  9 J P )  
E l l ( I Z l ) = E l ( L B 9 J P  
DO 7 9 0  M I = l t 4  

2 0 5  L C = O  

79 L C = L C + l  
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7 9 0  C R ( L C r M I ) = C M ( L B r M I )  
7 8  CONTINUE 

C A L L  MATMP(4,lrlr4r4r4r4rl*4rCXDMrPSMrPRDl) 
DO 87 I I = l t 4  
DO 8 7  M J = l r 4  

C A L L  M A T M P ( 8 r 4 r 4 r 4 r 8 * 4 r L C I 4 , 4 , C R , P R D l r P R )  
8 7  PRD1( IIIPJ)=AID(IIIMJ)+PRD~(II r M J )  

K T I M = I + l  
J J =  1+1  
NCOT=LCC+l 
L C C  =NCOT+LC - 1 
W R I T E ( 6 1 r 2 5 7 ) J P P ( J P ) , J P , L C , L C C , N C O T I J J , K T I k l r I Z 1  

2 5 7  FORMAT( / /5Xr6HJPP= 1 4 * 5 X r 6 H J P =  I 4 r 5 X r 6 H L C =  1495Xr6HLCC= I 4 / 5  
1Xr6HNCOT= I 4 r 5 X r 6 H J J =  14 ,5Xr6HKTIM= 1 4 r 5 X * 6 H I Z 1 =  1 4 )  

DO 94 I I = l r K T I M  
H 1 ( 39 1 1 =COS ( C H I  ( JJ 1 1 *FOM ( JJ 1 
Hl(4rl)=-SIN(CHI(JJ))*FOM(JJ) 
H 2 ( 3 , 1 ) = - S I N ( C H I ( J J ) ) w F O M ( J J ) * O * 5  
H2(4rl)=-COS(CHI(JJ))*FOM(JJ)*0.5 
I F  ( I  1 - 1 ) 2 1 6 r 2 2 1 , 2 1 6  

2 1 6  AEK 3 r 1 L=HB1 (JJ 1 
A E K ( 3 r 2 ) = H B Z ( J J )  
A E K ( 4 r l ) = A K l ( J J )  
A E K ( 4 r 2 ) = A K Z ( J J )  
DO 2 1 8  I l = l r 4  
DO 2 1 8  J1-194 

2 1 8  A E K l (  I l r  J1 ) = A  I D (  I 1  r J 1  )+AEK(  I l r  J1 )*SDT (JJ 1 
CALL MATMP(4r4r4r4r4r4r4r4r4,ULMIAEK1,ULMrAEKlrULP) 
DO 2 1 9  1 1 ~ 1 9 4  
DO 2 1 9  J l = l r 4  

2 1 9  ULM( I l * J l ) = U L P ( I l r J l )  
2 2 1  CALL M A T M P ( 8 r 4 r 4 r 4 r 8 * 4 r L C , 4 r 4 , P R , U L M r C R )  

CALL M A T M P ( 8 r 4 r 4 r l r 8 r l r L C , 4 r l , C R I H 1 , F 1 )  
CALL M A T M P ( 8 , 4 , 4 r l r 8 r l r L C ( 4 r l , C R r H 2 r F 2 )  

DO 88 I l = N C O T * L C C  

F M ( I l r J J ) = F l ( L F r l )  
G M ( I l r J J ) = F Z ( L F r l )  

88 C M ( I l r J J ) = F Z ( L F r l )  
IF (JP .EQmIO)85 ,84  

8 5  CALL MATMP(lr4r4r4*1r4rlr4r4rQMrULMrPSM) 
CALL M A T M P ( 1 ~ 4 ~ 4 r 1 ~ 8 r 1 r 1 ~ 4 r l r P S M r H l r F l )  
CALL MATMP(lr4r4rlr8rlrlr4rlrPSMrH2rF2) 
H S l ( J J ) = F l ( l r l )  
H S Z ( J J ) = F 2 ( 1 r l )  

LF=O 

L F = L F + l  

8 4  J J z K T I M - I 1  
94 CONTINUE 

2 2 3  IPOWER=4 
I F ( N C O U N T * E Q * N 0 ) 2 2 2 , 2 2 3  

T R K = S T ( I + l )  
D T R = S D T ( I + l )  
X = X l (  I+1) 
Y=Y1(  I+1) 
X D = X D l ( I + l )  
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YD=YDl(I+l) 
31 CONTINUE 

222 KZ=KTIM 
WRlTE(619259) 

DO 93 II=l,LCC 
DO 95 JJ=l*LCC 
BM( I I ,JJ)=OeO 
DO 96 KK=l,KZ 

WRITE(61,260)BM(II*JJ) 

259 FORMAT(//5X,6HBM MAT) 

9 6  BM(II,JJ)=BM(II,JJ)+FM(IIIKK)+FM(JJ,KK)*OET(KK~ 

2 6 0  FORMAT(5X,E15*8) 
95 CONTINUE 
93 CONTINUE 

DO 9 7  II=l,LCC 
Q B M (  I I 9 1  ) = O m 0  
DO 99 JJ=l,K2 

99 QBM(II,l)=QBM(II,l)-FM(II,JJ)*HSl(JJ)*DET(JJ) 
97 CONTINUE 

CALL MINV(BM,BM,TSST*LCC) 
CALL ~ATMP(8,8,8r1,8,1,LCC,LCC,l,~M,Q~M,Fl) 
DO 98 II=l,LCC 
FT( 1 , I  I )=F11 I I 91) 
CALL M A T Y P ( 1 , 8 , 8 , 1 7 5 , l r 1 7 5 r l , L C C , K 2 , F T I F M , E P )  
CALL M A T M P ( 1 , 8 , 8 r 1 7 5 , 1 , 1 7 5 , 1 , L C C , K 2 t F T I G M I H 2 S )  
DO 186 II=ltK2 

9 8  

EP(II)=EP(II)+HSl(II) 

DO 100 II=lrLCC 

DO 889 II=ltLCC 
IF(ABS(ZZD(II))oLT.Fll(II))889~102 

186 H2S(II)=H2S(II)+HS2(II) 

100 ZZD( I I =CKK ( I  I ) - Z Z D (  I I )  

889 CONTINUE 
302  DO 101 JJ=l,KZ 

101 CONTINUE 
I F ( A B S ( E P ( J J ) ) o L T o E O ) l O l ~ l O 2  

WRITE(61,129)ITER 
129 FORMAT(lH1,////39X,25HLAST ITERATION -- NUMBER 12//41X,20HALL TOLE 

lRANCES CHECK) 
104 IPRINT=O 

GO TO 105 
102 GO T0(106,107)SSWTCHF(3) 
106 IPRINT=l 

WRITE(61,108)ITER 
108 F O R M A T ( l H 1 , / / / / 3 2 X 1 3 9 H C O N D I T I O "  FOR POWEK FLIGHT9 ITERATION 1 2 )  
105 DO 659 IP=l,K2 

TH=THET(IP)*RA 
PH=PHI(IP)*RA 
CH=CHI (IP)*RA 
DH=DCHI(IP)*RA 
WRITE(61~660)ST(IP)rSDT(IP),tT(IP)~DET(IP),CH,DH,Xl(IP)~Yl( Ip), 

l X ~ 1 ( I P ) ~ Y D l ( I P ) ~ X D D l ( I P ) ~ Y D D l ( I P ) , R 1 ( I P ~ ~ V l ~ I P ~ ~ T H ~ P H * ~ V ~ I ~ ~ *  
1 E V ~ ~ P ~ ~ E N G ~ I P ~ ~ E N J ~ I P ~ ~ H B 1 ( I P ~ , H B 2 ~ I P ~ , ~ ~ l ~ I P ~ ~ A K 2 ~ I P ~ ~ F O ~ l ~ ~ ~ ~ ~  
3HSl(IP),HSZ(IP),H2S(IP),EP(IP) 

6 5 9  CONTINUE 
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1‘ 

6 6 0  FORMAT( / /SX96HTIME E15o895X96HDELT E 1 5 0 8 9 5 X 9 6 H E l A T  E 1 5 0 8 9 5 X t 6 H D  
l E T T  E1508 /5X96HCH1 E15oBr5X96HDCHI  E 1 5 0 8 9 5 X * 6 H X =  E 1 5 0 8 9 5 X ~ 6  
2HY= E 1 5 0 8 / 5 X s 6 H X D =  E1508*5X96HYD= E150895Xp6HXDD E 1 5 o 8 9 5 X  
3r6HYDD E150815X96HRAD E150895X96HVEL E150895X96HTHETA E 1 5 0 8 9  
45X96HPHI  E15o8 /5X*6HOVEL E15o8,5X96HEVEL E150895X96HENEG E 1 5 0  
5895X96HENG E 1 5 0 8 / 5 X ~ 6 H H B l  E 1 5 0 8 r 5 X 9 6 H H B Z  E 1 5 0 8 9 5 X 9 6 H K B l  E l  
6 5 . 8 ~ 5 X 9 6 H K B 2  E 1 5 * 8 / 5 X ~ 6 H F 0 M  E 1 5 0 8 9 5 X 9 6 H H S l  E 1 5 0 8 9 5 X r b H H S 2  
7E150895X96HH2S E 1 5 o 8 / 5 X t 6 H E P S  E 1 5 0 8 1  

W R I T E ( 6 1 9 6 6 3 )  

DO 664 I I = l r 4  
6 6 3  FORMAT(/ /5OX,lZHETA K M A T R I X / / )  

664 W R I T E ( 6 1 r 6 6 5 )  ( U L M ( I I I J J ) ~ J J = ~ ~ ~ I  
6 6 5  F O R M A T ( ~ ( ~ X I E ~ ~ O ~ ) )  

I F ( I P R I N T ) 1 0 7 ~ 1 0 9 r 1 0 7  
- 1 0 7  DO 1 1 5  I I = l , L C C  

DO 116 J J z l r L C C  
BM( I I 9 JJ ) = O o O  
DO 1 1 7  K K z l r K 2  

1 1 5  CONTINUE 
DO 1 1 8  I I = l , L C C  
E N ( I I I ~ ) = O O O  
DO 119 K K = l r K 2  

119 E N ( I I , ~ ) = E N ( I I I ~ ) + ( F M ( I I , K K ) + E P ~ + D E T ( K K ) / ~ ~ ~ * H ~ S ~ K K ~ ~ ~  
1 1 8  CONTINUE 

CALL MINV(BM+BM~TSSTILCC)  
DO 1 2 0  I I = l r L C C  

CALL M A T M P ( ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ L C C I L C C , ~ , B M I E N ~ Z Z D )  
DO 1 2 1  I I = l , L C C  

1 2 0  EN(IIrl)=EN(II~l)+ZZD(II,1) 

1 2 1  F T ( l r I I ) = Z Z D ( I I r l )  
DO 1 2 2 -  i I = l t L C i :  
DO 1 2 2  KK= l ,K2  

CALL M A T M P ( 1 9 8 r 8 9 1 7 5 r 1 * 1 7 5 r l 9 L C C r K Z r F T , F M I D C H I )  
DO 1 8 7  I I = l r K 2  

DO 1 2 3  K K z l r K 2  

1 2 2  F M ( I I ~ K K ) = - F M ( I I , K K ) / ( ~ O * H ~ S ( K K ) )  

1 8 7  D C H I ( I I I = D C H I ( ~ I ) - E P ( I I ) / ( ~ O * H ~ S ( I I ) )  

1 2 3  CHI(KK)=CHI(KK)+DCHI(KK) 
MOVE= 2 
DO 1 5 9  M02=19K 
IF(M02oEQoIWAS(MOVE))157~159 

DO 1 5 8  M O l = I G * K  
1 5 7  IG=M02+1  

S T ( M O l ) - S T ( M O 1 + 2 )  
C H I ( M O l ) = C H I ( M 0 1 + 2 )  
S D T ( M O 1 - 1 ) = S T ( M O 1 ) - S T ( M O 1 - 1 )  
E T i w O i - i r = S T i w O i - 2 i + 0  ‘ Y C O I I L . ~ .  

D E T ( M O ~ - ~ ) = S T ( M O ~ - ~ ) + O O ~ * ~ D T ( M O ~ ~ ~ ~ ~ E T ( M O ~ ~ ~ ~  
03=311 I I I W J ~ - 2  i 

1 5 8  CONTINUE 
MOVE=MOVE+l 

1 5 9  CONTINUE 
K4=  I 
DO 1 6 8  MOzK4rK3 
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SUBROUTINE M A T M P ( I l 9 1 2 9 1 3 9 1 4 9 1 5 , I 6 , I , J , K , A , B , C )  
DIMENSION A(l)*B(l)9C(l) 
L-1 = 0- 
DO 1 L=l,K 
DO 2 N = 1 9 I  
IC=I5+I~-(IS+(Ih-Ll)-N) 
C(IC)=O.O 
L2=0 
DO 3 M=I,J 
IA=Il*I2-(11+(12-L2)-N) 
IB=I3+14-(13*(14-Ll)-M) 
C(IC)=C(IC)+A(IA)*B(IR) 
L2=L2+1 

3 CONTINUF 
3 CONTINUF 

Ll=L1+1 
1 CONTINUE 

RFTURN 
END 

SUBROUTINF MINV(A9AI9fJETsM) 
D I M E N S I O N  A(89R),AI(898)9IORD(8) 
N = M  
DO 100 I= 1 9 N  
DO 100 J=l,N 

DO 51 I=19N 
100 AI(I9J)=A(I*J) 

I 51 IORD(I)=I 
DET=1 
DO 1 K= l * N  
KPl=K+I 
TFST=ARS(AI(K*K)) 
I ND=K 
IF (K-N) 21 922 921 

TFSTl=ARS(AI(L,K)) 
IF(TFST-TFST1)24,23923 

34 TFST=TESTI 
I ND=L 

2 3  CONTINUE 
IF(IND-Kl25922925 

25 DO 26 J=l,N 
TFSTltAI(IND9J) 
AI(IND9J)rAI(K,J) 

DFT=-DET 
LL=IORD(K 1 
IORD(K)=IORD( IND) 
IORD(IND)=LL 

21 DO 23 L=KPlsN 

26 AI(K*J)=TFST1 
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22 CONTINUE 
IF(AI(KrK))31r32,31 

DO 2 Js1,N 
IF(J-K13,2*3 

AI(K*J)=QUOT 
IF(QUOT)42r2,42 

IF( I-K)5,4r5 

31 AI(KtK)=l*/AI(K,K) 

3 QUOT=AI(KIJ)+AI(K,K) 

4 2  DO 4 I=l,N 

5 TFST=AI(I,J)-AI(I,K)*QUOT 
I F ( A B S ( T F S T ) - A B S ( A I ( I S J ~ ) * ~ ~ O E - ~ ) ~ O ~ ~ ~ ~ ~ ~  

70 A I  (I*J)=O* 
GO TO 4 

4 CONTINUE 
2 CONTINUE 

71 AI(I,J)=TEST 

DO 11 I=l,N 
IF(I-K)12911r12 

12 AI(I~K)PIAI(I,K)+AI(K,K) 
11 CONTINUE 

1 CONTINUE 
DET=DET/Af(K,KI 

55 DO 52 f = l r d  
IkD~IORDII) 
IFlIND~Ij53t52t53 

IORD(J )=IORD( IND,) 
IORDIIND)=LL 
DO 54 K=I,N 
TEST=AI(KvIND) 
AI(K,IND)=AI(K,I) 

5 4  AI(K,I)=TEST 
GO TO 55 

52 CONTINUE 
33 RETURN 

RETURN 
END 

53 LL=!ORD(II 

32 DET=O* 

SUBROUTINE R U N K U T ( N E Q r N S O r H r X r F r Y , Y P I F K , A Y , A Y P , S U M l r S U M 2 r I N D T )  
DIMENSION F ( 1 0 0 ) ~ Y ~ 1 0 0 ) ~ Y P ( 1 0 0 ) r A Y ( l O O ~ ~ A Y P ( l O O ) ~ S U M l ~ l O O ~  
DIMENSION SUM2(100),FK(100) 
IF(1NDT-2) 1,295 

1 ALl=H/Z* 
AL2=0 
AL3-• 5 
AL4=1 
DO 6 IzlrNEQ 
AY(I)=Y(I) 
AYP(I)=YP(I) 
SUMl(I)=Oe 

6 SUM2( I)=O* 
GO TO 7 .  

2 ALl=H/2* 
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X=X+H/2* 
AL2=H/4e 
AL3z.5 
AL4=2 
GO TO 7 

5 I F  ( I N D T - 3 )  39394  
3 ALl=H 

AL2=H/2. 
A l - 3 ~ 1 .  
AL4=2 

7 DO 8 I=I,NEQ 

9 Y(I)=AY(II+ALl*AYP(I)+AL7*FK(I) 
I F  ( I  - N S O )  9,9910 

F K ( I ) = H * F ( I )  
Y P ( I ) = A Y P ( I ) + A L 3 * F K ( I )  
S U M l ( I ) = S U M 1 ( 1 ) + F K ( I )  
GO TO 1 1  

10 F K ( I ) = H * F ( I )  
Y ( I ) = A Y ( I ) + A L 3 * F K ( I )  

11 SUM2(I)=SUM2(I)+AL4*FK(I) 
8 CONTINUE 

RETURN 

DO 12 I=l,NEQ 
FK ( I  1 =H*F(  I )  
SUM2(I)=(SUM2(I)+FKII))/6* 
I F  ( I - N S O )  13913914  

Y P ( I ) = A Y P ( I ) + S U M 2 ( 1 )  
GO TO 12 

1 4  Y ( I ) = A Y ( I ) + S U M 2 ( I )  
12  CONTlNUE 

RETURN 
END 

4 X=X+H/2. 

1 3  Y ( I ) = A Y ( I ) + H * A Y P ( I ) + H *  SUMl(S)/6* 
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